3. Integralszamitas

49. Alapintegralokra visszavezethets feladatok

(a) [ %%:%x%
(b) [(5-2* +4-sinz — 3cosx) = % —4cosx — 3sinx

[tan?z = tanz —

1._5
5T 2tanac

50. Integralas helyettesitéssel

(a) f(ax + b) alaku integrandus:

)

f) f m = sinhx — cosh z
(&) [ 4\/W \1[ arcsin x
(h) [ zQ—iI =1z — arctanx

F'(z) = f(z) = [ flax +b) =L (F(azx +b)) +¢
. iv. f m = %arctan(Q:C — 1)
. 4 — _ 4 . 5
L[V -1 = (7Tx —16)3 . f%z—ln|1—m|
ii. [t = Lepotd , 1
2 V1. f (1- .L)2 )
iii. [(5—tanh*(1—2)) = 4z — tanh(1 — ) i [ X b2z 1 1)
vii. [ —=— = Zarcosh(2z
\/4x2+4x 2
atl
b) [ @) f (@) = Fi o -1
4 1 (22°4)100
fx 2$ + ) 6 100 vil. f m = 2\/ arctanx
ii. [sin®zsin(22)=1sin®a s \
s ( viii, [ sinzVtanfe—l _ 3(tan24  1)3
i, [ 712% = %lng T . § C§S3 81( :
ix. Sln T — E
: x _ D) (5—sin? z)7 6(5—sin? )6
A f\/m_ v sin® z 1 6
) . soxo [EE — Ztanfy
v. [(z +1)~\/x3+3x+1:f( +3$—|—1)3 . .
vi. [20l. 2P —T= A (20 —1)3 xi. [2-e¥07 cosp = eI
: T

() [£& =t (|f (@) +

f(

[ 22 = Lt 4 4p? 4 1
S 1-4.+41-2+1 7 1n( ) V. fm = In | arcsin z|
o S‘“(2§) = —1In(5 + cos? z) 22
5+4cos? vi f 5 =1 ln(GQI + 3)
1 _ CeTEs 2
iil. [ reiamny = | tanh | vii. [~ —1In|Ing]
iv. [tanxz = —In|cosz| wine

(d) Tovabbi feladatok helyettesitéssel

11 2
fm = pg Arctan 3z

. l
i. [ m tarcosh3z
AT x
111.fﬁ—e In(1 + %)

iv. [V1—22=
v.fmz

(arcsinx +2v1 — xz)
(ZC\/ 2 —1— arcoshx)

1
2
1
2



51. Parcialis integralas

(a) Polinomfiiggvénnyel szorzott exp, trigon. és hiperbolikus fiiggvények
i [(2z+3)-sin(6z) = —%(2z + 3) cos 6z + 5 sin b6
i, [z-e™ = %xe” — %e”
iii. [(1+22%)-cosh3z = 5-(1822 + 13) sinh 3z — jx cosh 3z
(b) Logaritmus, arcus és area fiiggvények integralasa
i [mz=zhz—z iv. [arsinhz = g - arsinhz — V1 + 22
ii. [arcsinz = zarcsinz + /1 — 22 v. [arcoshr = z - arcoshr — Va2 — 1
iii. [arctanz =zarctanz — 1 In(1+2?) vi. [arcothz = z - arcothz + 11— 2?|
(c) Exp fiiggvénnyel szorzott trigonometrikus és hiperbolikus fiiggvények
i. [e3 . sin(2z) = {53 (3 sin 2z — 2 cos 2)
27 (In2cos(3x — 1) + 3sin(3z — 1))

ii. [27-cos(3x — 1) = iy
iii. f32’”+1 -sinh(4x — 1) = 32¢+1 (In 3sinh(4z — 1) — 2 cosh(4z — 1))

m
(d) Tovabbi feladatok (parcialis integralas)
i. [n*z=zln’2z—3zln’z +6(xlna — z)
i. [ arcsin® x = g arcsin® x + 2v/1 — 22 arcsin z — 2x
jii, [ oaresine — Loaresine (5 /T — 22)
iv. [arctan/z = (v + 1) arctan /z — /z

v. [siny/x =2 (siny/x — \/z cos /x)
vi. lr\{;f:x% (%lnzx—%lnm—i—%)

52. Racionalis tortfliggvények integralasa

(a) Nevezd (ax +b)", szamlalo elssfoku vagy konstans

L. f (6 1:119@)7 - 7 2 (6— 4m) f (345 53)3 = %3x1—5 - %(3;5)2

i [ G = _%@zis)?’ v, [ @i =~ aaw + s G
(b) Nevezs mésodfokt, szamlalé konstans

i [ m éarctan z4l iii. [ m = —w—iB

1 1
/ pre -y Al 0

r+2 ‘

. 1 2 2 3 .
i, [ 53257795 = 57 arctan (—\/ﬁ(x 4)) iv. s

(¢) Nevezs masodfoku, szamlélo elsGfoku

i [ 2 = —slnle =1+ F Infr + 5|
i, [ 22585 = 3 In(2? — 22 4 10) — § arctan 251

i, [ M2 = 1n(a® -z +2) + ﬁ arctan (%z - %)

(d) Parcialis tortekre bontés

i e = et il — 4
i, [t =Llo+2hn W 7 - o In [ B2
ii. f#?yrz):w; +3x+11n (l+2)la
v, fx(a:25+4) $Injz[ - §In(z” +4)
e e I R o
vi. xzfjl = l In a:—H‘ + arctan x




53. Trigonometrikus fiiggvények racionélis kifejezéseinek integralésa

(a) [sin"z = 1 cos” x — 3 cos® & + cos® v — cosw
(b) [cos*x =3z + §sin2z + 55 sindx
(c) [sin®z-costz = f% + %
(d) [sin*z-cos®x = 72-m — i sindx + 5 sin 8z + 535 sin® 2
(e) [sin®2x-cos’z = %sin?’x - %sin5x+ %sin7m
(f) [cos?2x - cos3w = —18 sin” z + 4sin® z — %sinSx +sinx
54. t := tan § helyettesités: sinz = 245, cosz = L‘r—ttz
(@) [ g7 =In|tan §| (c) [ 1R —21n |tan Z|—In (1 + tan® £)—cot £
(b) [ &5 =In || (@) J rriz = tang
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70.
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72.

Gyakorl6 feladatok

ot —dad + 2y 5
5/ 4 21 4

/ 5-cos2z
sinx + cosx
/ 3 7 3t 7 t
— =3tanx — - cotx

cos?2z  5-sin’x 5

-1 3
/(x—2+x—1_2,3x—1):?+]n‘x|—2

= 5sinx + Scosx

arsinhx

[ e

_5 __5y
1—422 4

1
sin(4x +5) = ~1 cos(4x + b)

r+1
x—1

1
sinh(2 — 7z) = —= cosh(2 — 7x)
- tan(—6x + 4)
6m cos?(—6x + 4) 6

1
=-3 tan(2 — 3z) —

= coth(l — z)

1
/(3362 —sinxz)(2® 4 cosz) = B (z° + cos x)2
lnz 1.,
—=—-In"z
T 2
29
/ -/ (e* +2005)2 (e +2005) 2

z 1 9
/W‘iln“”)
/ 100

(x4+1)-In(x+1)

1
/ (x2+1) - arctanx

=1001n|1In(x + 1)|

= In|arctan x|

/ T T 3 :1:+3 . Sz
COS — COs — = 3sin — + — sin —
2 3 6 5 6

In

r—1

3

73.

74.

75.

76.

77.

78.

79

80

81

82

83.

&4.

85.

86.

87.

88.

89.

2, =tanx —cotx
sin? z cos

1
= —tan®z + In | tan |

| sz
/
=

tan T+ tanx

cos*
5 1 2
YT -3z 15(1 —32)8 — gl =30)8
t 1
W oz arctan? vz
x x
T 1 x?
m = Z arctan ?
/ a3 1 : z?
——— = ——arctan —
®®+3 43 V3
/ erretan e r—1 arctan x
x =
1+22)?  2Va?+1
/ (arcsinz)® = zarcsin? x + 2v/1 — 22 arcsinz — x
/ (sinz)ln (tanz) = In ‘tang‘ —cosx - In (tanx)

[ (e T_ W'r e 2
T B x x T
/ T
cos? x

= ztanz + In | cos z|

/ln (ac+ 1+m2> = garsinhz — /1 + 22

arcsinz 1+ 22 . V1 —x2 n
_ W = —arcsing - ——
2 1—22 x
arcsin® x

2
*/ ze® e
(x+1)° @+l

2n—1 1
*/x = —z" —71n|x +1]
z"+1 n

+ In |z]




